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Abstract
We propose an algorithm to compute an exact absolute factorization of a
bivariate polynomial from an approximate one. This algorithm is based on
some properties of the algebraic integers over Z and is certified. It relies
on a study of the perturbations in a Vandermonde system. We provide a
sufficient condition on the precision of the approximate factors, depending
only on the height and the degree of the polynomial.

1. Introduction

The aim of this article is to provide a rigorous and efficient treatment of a major
step in the factorization algorithms which proceed via approximations e.g. [§],
[5], [14], [17], [20], [9], 2], [3]. For the study of approximate irreducibility and
approximate factorization, one can see [11] and [10].

We consider an irreducible polynomial P € Q[X, Y] and denote by P = P; - -- Ps
the factorization of P in C[X, Y], where P, is irreducible in C[X, Y]. We call this
factorization the absolute factorization of P.

Let Q[a] be the smallest extension of Q which contains all the coefficients of
the factor P;. Let P = ]51 e 153 be an approximate absolute factorization of
P. By this we mean that P, € C[X,Y] and the coefficients of P; are numerical
approximations of the coefficients of P; with a given precision e. That is to say
| P, — Pj|jos < € with respect to the norm || i @i g XYoo = max; j [a; ;|. The
norm || P|| is called the height of P.

A natural question is: Can we get an exact factorization from an approximate
one? If it is possible: how can we find the minimal polynomial of a over QQ, and
how can we express the coefficients of Py in Q[a]?

We will answer positively if € is small enough. As the coefficients of P, are given
with an error €, in order to find the minimal polynomial f,, of a, (f, € Q[T1]), we
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have to recognize its coefficients which are rational numbers from floating points
approximations. David Rupprecht gave a preliminary study of this problem in
[14], and [15]. Here we present a complete and satisfactory answer.

1.1. Notations and elementary results

P belongs to Q[X,Y] and P = P;,--- P, in C[X,Y]. Each P; is an irreducible
factor of P in C[X,Y]. K is the smallest field which contains all the coefficients
of P, K is a finite extension of Q. By the primitive element theorem we can
write K = Q[a]. Let x € K, we denote by f, the minimal polynomial of x over

Q. We recall that f, is monic. O is the ring of algebraic integers in K: If x € Ok
then f.(T) € Z[T)].

Let x # 0 be an element of K, we denote by m, the homomorphism of multipli-
cation by x in K and by P, (x) the characteristic polynomial of m,, similarly,
Trgo(z) is the trace of m,. We recall that Pu.,.(z) = f¥ where k = [K : Q[x]]
is the degree of K over Q[z].

As usual, we also denote by lc the leading coefficient of a univariate polyno-
mial, and by M, ,(C) the ring of matrices with m rows and n columns, with
coefficients in C.

1.2. Our strategy

First we recall a lemma which implies a strong property on the factor P; of P.

LEMMA 1.1 (FUNDAMENTAL LEMMA): Let P € Q[X,Y] be an irreducible poly-
nomial in Q[X,Y], monic inY .

PX,)Y)=Y"+a, 1(X)Y" 1+ + ay(X) with deg(a;(X)) <n —i.
Let P = Py - - - P, be a factorization of P by irreducible polynomials P; in C[X,Y].
Denote by K = Q[a] the extension of Q generated by all the coefficients of P;.
Then each P; can be written:

P(X,Y) = Y™ + by 1(c, X)Y™ ' 4 - 4 bo(i, X), with b, € Q[Z, X],
degx(by) < m — k, and where oy, ..., o, are the different conjugates over Q
of « = .

See [15][lemma 2.2] for a proof.

As a corollary the number of absolute factors is equal to [K : Q).

Our aim is to compute the minimal polynomial of o where « is a primitive
element of K and then the coefficients of P, in K. Our strategy is based on the
following observations.

Let B(X,Y)=> >, agu’v)X“Y” then we have (by the fundamental lemma):

s

Pchar(agu’v))(T) = H(T - C%('M)) =T+ cs 1T+ + .

=1
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Theoretically, to check if such a P.,-(a) is the minimal polynomial of a over
Q, we just have to compute the ged of Pu,,(a) and %Pchm,(a), see lemma 3.1.

However in our situation, we do not have exact data a{""

o, al™ ) but only
approximations a\" +e1...., a{"" +¢, and a bound €, on the errors ¢;. Expand-
ing [[7_, (T — agu’v) —€;), we get T +c,_1(€)T* 1+ -+ ¢y(€), therefore we need
to recognize ¢; from ¢;(€). Without a bound on the denominators of the rational

numbers ¢;, this might be tough.

In order to avoid this difficulty, we show in section 2 that we can restrict our
study to a polynomial P(X,Y") € Z[X,Y]. Then we prove that the coefficients
of P; are algebraic integers over Z. Therefore, the coefficients of the minimal
polynomial will be integers. In section 3 we show how to recognize them and
certify the result. In Section 4 we propose a certified algorithm to obtain the
expression of the coefficients of P, in K. We rely on the fundamental lemma and
an adapted representations of these algebraic integers over Z.

2. A tool-bag
2.1. Reduction to Z[X,Y]

Let Q(X,Y) =37, Z;ZO ¢jn—iX’Y™ " be an irreducible and monic polynomial
in Q[X, Y] of total degree n. Let d be a common denominator of the coefficients of
@ that is to say dg; ,,—; € Z. Then d"(Q is irreducible in Q[X, Y] and d"Q(X,Y) =
Yoo 23:0 d'qjn—i X7 (dY)""". Setting Z = dY we define:
d"Q(X,Y) = d"Q (X, 2) = Z" + dqy, 1 X 2"\ + -+ d"qog = P(X, Z).

Since d"Q(X,Y) is irreducible in Q[ X, Y], d"Q(X, %) is irreducible in Q[ X, Z]
hence P(X, Z) is monic, irreducible in Q[X, Z] and belongs to Z[X, Z]. We now
state two lemmas whose proofs are obvious.

LEMMA 2.1: Let Q(X,Y) be a polynomial satisfying the hypotheses of the fun-
damental lemma; d a common denominator of the coefficients of () and
Q(X,Y) = Qi(X,Y) - Qs(X,Y) its absolute factorization in C[X,Y]. Then
PX,)Y)=d"Q (X, %) =d"Q: (X, %) ---d"Q, (X, %), P(X,Y) € Z[X,Y] is
irreducible in Q[X,Y] and monic relatively to Y, and P;(X,Y) = d™Q; (X, %)
are the irreducible factors of P in C[X,Y].

LEMMA 2.2: Let K' be the subfield of C generated by the coefficients of Q1 and
K the smallest field generated by the coefficients of Py, then K' = K.

From now on, we suppose that our input polynomial belongs to Z[X,Y].

2.2. The coefficients of P, are algebraic integers over Z

Here we prove first a lemma then the following theorem.
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THEOREM 2.1: Let P € Z[X,Y] be monic and irreducible in Q[X,Y]. Then, it
admits a factorization in C[X,Y] : Py - - Ps which consists of absolute irreducible
polynomials whose coefficients are algebraic integers over Z.

LEMMA 2.3: Let a be an algebraic number over Q and p(X) € Q[a][X] be an
integer over Z|X]. Then all the coefficients of p(X) are integers over Z.

Proof: We denote by s the degree of o over Q and by [ the degree of p in X.
Then Q(X)[a] is an extension of Q(X) of degree s. Moreover:

(%) All the conjugates of p(X) over Q(X) belong to C[X] and have the same
degree (.

As Z[X] is an integrally closed ring we deduce (see e.g.[16] p.45) that:

(x%) The coefficients of the characteristic polynomial P, (p(X)) of p(X) over
Q(X) are in Z[X].

Let k = [Q(X)[a] : Q(X)[p(X)]], we denote the conjugates of p(X) over Q(X)
by g fori=1,...,s/k and q; = p(X), then Poer(p(X))(Z) = [ (Z — ¢:)¥ i
the characteristic polynomial of p(X).

Now we prove by induction that all the coefficients of p(X) are integers over
Z. We start by the leading term of p(X). We have:

Pchar( ( ZS ZQZ ZS 1+ +H% ZS+CS 1 X)ZS_1+"‘+CO(X),

with ¢;(X) € Z[X] by (xx), and deg(cs_;(X)) < il, by (*).
Thus deg(c,_i(X)p(X)*™%) < s.
As P (p(X))(p(X)) = 0 in C[X], the term of degree s gives:

A+ (e )X =0,

i€l

where \; = lc(p(X)) and I is the set I = {i | deg(cs_s(X)p(X)*™) = Is}.

The fact that all lc(¢;) are integers, implies that A; is an algebraic integer over
Z therefore \; X' is an algebraic integer over Z[X].

To prove the other steps of the induction, we simply remark that p(X) — X\ X!
belongs to Q[a][X] and is an integer over Z[X]|, then we can repeat the previous
argumentation with p(X) — A\ X', instead of p(X). O

Now we prove the theorem.

Proof: As in the previous section, K = Q[a] is the extension field generated by
all the coefficients of P;, and the degree of o over Q is s. By Steinitz’s theorem,
there exists an algebraically closed field K such that £ D Q(X) D Z[X] and

P(X,Y)=Y"+a,(X)Y" "+ +ap(X) = [J(Y = (X)),
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where r;(X) € K are algebraic integers over Z[X]. (see e.g. [6] p.300 corollary
13.16.)
As Pi(X,Y) is a factor of P(X,Y) in Q(«)[X, Y], we have:

m

P(X,Y) = H(Y —7(X)) =Y 4 P (XY™ - po(X).

i=1

Then p;(X) are integers over Z[X| because they are polynomials in r;(X). Ap-
plying the previous lemma to each p;(X) we deduce the claim. O

3. Finding a primitive element

All the coefficients of P, generate an extension K of Q. We want to get a primitive
element of K which is an algebraic integer over Z. There are two cases: First,
we check if there is a primitive element among all the coefficients of P;. If it
is not the case, we present a method to construct a primitive element. (In our
examples we always found a coefficient of P; which was a primitive element.)

3.1. Recognition

The followinng easy lemma allows us to recognize effectively a primitive element.

LEMMA 3.1: Let 8 € K, we have:

0

ng(Pchm‘ (6)7 a_T

Poar(B)) =1 <= (B is a primitive element of K.
In this case P.par(B) is the minimal polynomial fg of B over Q.

Let P(X,Y) = Z Z agu’v)X“YU, the fundamental lemma implies that:

Popar(al™)(T) = [T, (T — a'™*)). Then:

)

wUU) - . o . . . u,v a u,v
ag “)is a primitive element of K if and only 1fgcd(PchaT(a§ ’ )), T C;W(ag ’ ))) = 1.

3.2. Construction

If no coefficient of P; is primitive, we construct with high probability a primi-
tive element, which is integer over Z. Thanks to lemma 3.1 we can check if this
constructed element is primitive.

We denote by o, (1 <i < s) the s independent Q-homomorphisms from K to
C and by a{"" the coefficients of Py, we recall that they generate K.

For any pair (4, 7) such that i # j, there exists a coefficient a(lu’v) of P; such
that o;(al"") # o;(a{"")). Thus the polynomial:
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H(X0,0)s -5 A2m-1)) = H ( Z Auw) (07 — Uj)(agw))) € ClAuy)
1<j  0<utv<m
is a non zero polynomial. So there exists (s(0,0), - - -, S@2m—1)) With s@.) € Z such
that for all ¢ # j :

i X swod™) 2o 3 swnal™)

0<u+v<m 0<u+v<m

This means that >, < s(u,v)aﬁu’”) is a primitive element.

The following probabilistic lemma [21], [19] helps us to conclude:

LEMMA 3.2: Let A be an integral domain, H(Ay, ..., \,) € A[\1, ..., \,] a non-
zero polynomial of total degree d and S a subset of A. In this case we have the
following bound on the probability:

P(H(sl,...,sn)=0|sies,1§@'§n)§%,

where s; are chosen in S uniformly at random.

We apply this lemma to the polynomial H(A(yp),-- ., A@m-1)) € C[Aq, )] and
get the following proposition:

PROPOSITION 3.1: Let P be a polynomial in Z[X,Y] monic and irreducible in
Q[X,Y], P = Py --- Py its irreducible decomposition in C[X,Y].

Let aﬁ“’”) denote the coefficients of Py, and K the extension of Q they generate.
Let S be a subset of Z. Then we have the following estimation of probability:

P( Z S(U,v)agu’”) primitive | s¢,,.,) € §) > 1 — %7

0<u+v<m

where S, are chosen in S uniformly at random.
A (’LL,U) 3 (U':U) 3 3 ]
s the a; " are integers over Z, > o, y<m Sw)@i 1S an algebraic integer
over Z. Moreover we can check with lemma 3.1 if this element is primitive or
not.

Remark: We can get a primitive element in a deterministic way, but in this case
the coefficients s(,,,) € Z are bigger than the ones obtained with the probabilistic
method, see [4].
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3.3. A bound on the coefficients of the factors
Below, we will need a bound on ||P;||«. We recall a classical result (see [18],
[12]).

PROPOSITION 3.2: Let Fy, ..., F, € C[X,Y], we have:

k k
117 < 20 ] Fille
=1 =1

k

where v = Z <degX(Fi) + degy(ﬂ)>.

i=1
In our situation we get:
COROLLARY 3.1: With our previous notations, we have:

1Pilloe < 27" Pllcc-

Proof: We apply proposition 3.2, and we use the facts that n = sm, and that P;
are monic in Y. O

There exists others bound on ||P;||~, for example using formulae from [18],
[12], we get: || Plloc < 27" Pll2, where || 32, ; @i XY |la = /37, ; af

i
We conclude that we are able to bound the height of the factors in terms of the

height of P and of the degree of P.

3.4. Choice of the precision

In practice with an approximate absolute factorization, we can only compute an

approximation of a minimal polynomial f,(7"), which writes f5(T) = [[1_; (7' — (ax + €x)).
We have perturbed roots and we want to know if the perturbation on the

coefficients is smaller than 0.5 in order to recognize the polynomial f,(7") € Z[T

from f5(7). The following map describes the situation:

Vol Cs —_— Cs
Sl(ala"'7as) = ap + ag + -+ Qg
(05] ‘
O;k — Sk(Oél,...,Oés) - Z Qi - Oy

«
s Ss(ai,...,a5) = Q1 X -0 X Qg

We define the norm |||l by |[(aa, ..., as)|lec = max;—1 s |a;|. We look for a
condition on e which will imply [J¢(a + €) — ¢(a)||o < 0.5.
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@ is a polynomial map such that the degree of each component is smaller or
equal to s and is of degree 1 in each variable. With the following notation:

s (k]

9 ] Koo

el = ¥ Haa TP

i ! ! . ls

L=1 oy e LR * dalt - - - dai
i;€{0,1}

the Taylor expansion of ¢ is:

s 2] s [s]
¢<a+e>—¢<a>=[Zez% ] [Z “Heo ] +1,[ qg‘;;m]

i=1
We introduce the constants €, and M, such that:
o || <M, foralll1 <i<s

o |¢;| <ey <l

Remark: If the primitive element « corresponds to a coefficient of P;, we have:
ji| < [[Billoe < 27| Ploc-

If the primitive elements « is a linear combination of some coefficients of Pi:
a=3y,, )\i,jagw), then we have: |a] < <Z” |\ j >22”HPHOO.
Thus we can bound M, in terms of the height of P and its degree n. Now give a

bound on €,, in order to get the exact minimal polynomial from the approximate
one.

LEMMA 3.3: With the previous notations, we have:

et ol = (1455 () mos (1 (07 1)09) )

Proof: The total degree of the polynomial S; is j, so we deduce:
okS;
all - das
okS; (
dalt -+ dats

Moreover, we get the following upper bound, for k < j:

s —k .
< MI~F,
< (G

o If k> j then a) =0.

o If k = j then a) = 1.

‘ okS;
dalt -+ dats

(cx
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As a result we obtain:

ot ooy )

< max (1, max ((S B k) Mg;k))
j=k+1-s \\j — k

It follows:
s (k]
Op k Ok
i () < lea] el || = _(a)
Lzl: Oai ] i1+;5:kl ! ! i Oals o
o0 i;€{0,1}
then
s Dy (K] . .
[; € Dov: (a)] < (k) kle; max <1’j:},€ri%?.(..,s <(j B k) M? ))

As e, < 1 we deduce the claim. 0

COROLLARY 3.2: With the previous notations, if the error €, is bounded by:

(¥) €0 <05 (1 +§ (Z) max (1,3,:%3”8 (G _ :> Mg‘_k>>> _

then the error on the coefficient of fs is smaller than 0.5.

COROLLARY 3.3: Let a be a coefficient of Py such that o has degree s over Q.
If €, satisfies

€o < 0.5 (1 + i (Z) max (1,1,1&65;”8 ((j : :) (22n||P||oo>jk>)> -1
k=1

then we can recognize f,(T) from fa(T).

Remark: We get the same kind of bound if the primitive element « is a linear
combination of the coefficients of P;. In this case, we substitute 2*||P||,, by

(ZH \)\i,j]>22”\|PHoo in the previous formula.

4. A method to obtain the exact factorization

In this section, we start with a polynomial f, of a primitive element « of K
obtained as explain in Section 3. To find the exact expression of the coefficients
of P;, we use an adapted representation of the coefficients of P;.
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4.1. f!(«a) is a common denominator

We recall a classical result of algebraic number theory.

PROPOSITION 4.1: (see [13] page 242) Let K be a finite extension of Q, a € Ok
a primitive element of K and f, its minimal polynomial. Then we have:

1
Ok C f’( )Z[a]. This implies that every a € Ox can be written:
<1 Zs—1

T T R@ T R
Remark: This representation has several different names: Hecke representation,
Kronecker representation, and rational univariate representation. The univariate
rational representation is a usefull tool in polynomial system solving (see [7]):
this representation is used to solve polynomial system with the help of the Chow
form of the zero dimensional component of the solution.

o~ with z; € Z.

2. Recognition of the coefficients of P;

Having the denominator f ( ), we only have to recognize the numerators. Let
(“ ") he a coefficient of P, al ) belongs to Ok. So by proposition 4.1:

(u,) <0 “s—1 s—1
a = + o+ - e}
A f’( ) T @)
Applying the Q homomorphism o;, we get
al") = - + — o oi(a) + - /ZS " o;(@)*L, then
fa(ffz-( ) filoi(a)) RACE)

L oifa) oi(a) - o) % fior(@)ay™
" 1 os(a) oa()? - oaa)? a | | fuoe(a))ay”

1 os(a) os(a)? -+ o4(a)s! Zs1 #(oy(a )) (u0)

We remark that in practice we do not have a “2) hug a w) 4 v; and we do not

have o;(a) but ;(«) +¢€;. So we need to solve the Vandermonde system and take
the nearest integer of each component of the solution. We will see that, with this
method, we can certify our result.

4.3. Choice of the precision
s—1
If M = (my;);;L, is a matrix of M, 4(C) let | M| = max Z |m; |, and if
: 0,51 4
U is a vector of C* (with i-th coordinate equal to v;) ||U]|ecc = max |v;|. With
1=

these notations we have [|[M7]|e < || M||oo||U]|oo-

20ty

Now we set:
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a; = 0;(a), € is the error on «y, v; is the error on al(-u’v),
Vi<i<s || <e<1

e; 1s the error on z;, € is a real number such that: i
t v Vi<i<s |y <e<l’

M is the real number: max |a§u’v)| =M.

1,UV

Thanks to corollary 3.1 we can write M < 22"|| P|| .

We set
ay 20 ai €1
- = —(u,v =
o = 9 = 9 CL( ) ) €= 9
Qg Zs—1 Ag €s
€0 Vo
€a = ) V= )
€s—1 Vg1
/
2 s—1 \ ! falar) 0 0
1 o1 of o .
I ay a2 - o5t : S
Ma@)=1{ . . . _ 0 oo fhlog) .. 0
1 a, 012 azfl . : . , .
0 . 0 oo fh (o)

Then the equality: 74 & = M(a + €,)(@™") + ) holds.
Now, we give a sufficient condition on € which allows us to certify that ||€]|, <
0.5. The strategy is the following: we express the coefficient of M (&) in function
of oy, and then deduce this inequality.

1€llee < (IM(@)]loo + [[V][oo(1 + M) €

LEMMA 4.1: Let M(@) = (m;;(«)); Ly then we have:

mi,j(a) = (—1)S_i_1SS_i_1(a1, e ,Oéj, (Ij+2, . ,OZS)
Proof: We denote V(o)™ = (wi,j(a))f;io the inverse of the Vandermonde ma-
trix.
s—1
The value of the polynomial I (z) = ij,kxj is 1 when © = a4 and it is 0
=0
when = € {ay,...,as} \ {ags1}. Hence [i(x) is the Lagrange’s polynomial and
we get:
° T — 2 1
li(z) = (—l>= T — ) X ———.
(=) E Qg1 — Oy E ( ) fl(ags1)
i#k+1 i#k+1
Therefore

(1)~ S

A1y ...,0, %
ijc(O() _ ;/ 1, y Ly G2, 9 s)
«a

Oék+1)
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where S}, is the k' elementary symmetric polynomial (see Section 3.4), and
we set Sp = 1.
The definition of M (&) gives m; j(«) = w; j(a) f! (cj+1). Thus the claim is proved.

O
COROLLARY 4.1: There exists a matric N € M, ;(C) such that:
[M(d 4 €) = M(d)[[oc < €][ V]l
5—2
, s—1 s—1—k .
o <o (105 (5 mestn e (100
Proof: Apply lemma 3.3. O

LEMMA 4.2: With the previous notations
[€lloe < (1M (@)|o0 + | N[0 (1 + M))e.

Proof: The equalities Z + € = M(d + €)(@ + V) and Z = M(d)d give
€lle < €l[N]loll@lloc + (1M (@)]|oc + €l[N||o)[|7]|oo- This implies the desired
result. O

The previous results of this section imply:

PROPOSITION 4.2: If the error € is such that

s—1 :
< 0. Ms—z—l
€ =05 li:g??s{l(s (s — 17— 1) )

.....

(BTt ()0

then we can, with the system (x), recognize the exact coefficients of P;.
Proof: Lemma 4.1 gives: |m; j(a)| < Ss_izi(Joal, .-, |aj], lajrals - -, |as)]).
) s—1 ,
So: |myj(a)| < M < M1 Tt foll
o my@ <Y < 3_@-_1> ollows
1<k1<.<kg_;i—1<s—1

s—1 s—1
s—1 : s—1 )
i < Ms—z—l — MS_Z_l,
;m’](a)'_;(s—i—l) (070

s—1 )
Thus: | M ()]s < M),
s r(a)l < o (s (70 Yoy

Together with corollary 4.1 this implies

1 A
N N e M

-----

So we get the announced bound. O

-1
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We can write proposition 4.2 with 22"|| P||., instead of M. In this case we have
a formula depending only on || P/, s and n. As s can be bounded by n, we can
write a condition which relies on the height and the degree of the polynomial P.

COROLLARY 4.2: If the error € is bounded by

-1

.....

= /n-1 n—1-—k n e n
+n <1+’;( i )max(l,j_kirllaxnl(< I )(22 1Pl o0) k))) (14 (2*"|P||s0))

then we can, with the system (x), recognize the exact coefficients of P;.

4.4. Conversion

Let B € Okg. We have the two following representations:
s—1

s—1
B = E o) = g ¢ where z; € Z and ¢; € Q.
j=0 1=0

fil@)
s—1
Let B(a) be the inverse of f!(a), and set o/ B(a) = meai where b, ; € Q.
=0

It can be easily computed once for all coefficients of P;.

LEMMA 4.3: With the previous notations and with
do 20
q= : 7
qs—1 Zs—1
we have § = Mp(Z2).

, and MB = (b@j)s_l € Ms,s(@)7

14,J=0

S
Il

4.5. The algorithm
Input: P € Z[X,Y] irreducible in Q[X, Y], monic in Y.
1. Compute an approximate absolute factorization of P, with a precision ¢
satisfying the inequality of proposition 4.2.
2. Recognize a primitive element of K and its minimal polynomial as explained
in section 3. Denote by f, its minimal polynomial.

3. Recognize the exact coefficients of P; by solving a Vandermonde system.
Give for each coefficient of P; its canonical expression in Q[a].

Output: The minimal polynomial of a primitive element of K and P, (X,Y") € K[X, Y]
an absolute factor of P.

Remark: We do not need to check that the constructed polynomial divides P.
Inded by step 1 we know that we have a sufficient precision. Thus we deduce
that the error on the integer numbers is smaller than 0.5. So when we take the
nearest integer we obtain the “good”integer.
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4.6. A small example

Here we illustrate the different steps of the algorithm on a small example.

Input: P(X,Y) = Y* + 2Y2X + 14Y2 — 7X? 1 6X + 47 € Z|X,Y].
P is irreducible in Q[X, Y.

Step 1)
We apply an approximate absolute polynomial factorization to P (see for exam-
ple [15], [20], [2]) with a precision € := 107, and we get:

P (X,Y)=Y?+3828X +8.414,

Py(X,Y) =Y? - 1.828X + 5.585.

We have s = 2 and we can take M = 10 (in fact we have to choose M > 8.414).
These values €, s and M satisfy the inequality of proposition 4.2. Thus we can
recognize the exact absolute irreducible factorization from the approximate one.

Step 2)
We note &E"’v) the coefficients of P,
al™ = 8.414, ™ = 5.585, al"” = 3.828, al"” = —1.828.
We have:
fyo0 = (T = 8.414)(T — 5.585) = T° — 13.9997 + 46.992

faao = (T +1.828)(T — 3.828) = T2 — 2.00T — 6.997.
Thus fa(o,o) = T2 — 14T + 47, and fa(l,o) = T2 —2t— 1.
1 1

As ged(f 0o, fon) =1, a = a\®” is a primitive element of K, and fa(T) =
T? — 14T + 47.

Step 3)
We have f/(a\"”) ~ 2.828, and f (") ~ —2.830, this gives

1 8.414 o\ 2.828 x 3.828
1 5.585 2 ) T\ —2.830 x (—1.828)

This gives zp = —5.989 and z; = 1.998.

_ _ (10) _ =6 a
Sozp=—6,2z=2and a; "’ = (o) +2fc’y(04)'
We have f,(T) =T? — 14T + 47, f/(T) = 2T — 14 and:
1 R
—éfa(T) + fa(T)(ZT - Z) =1

1 7
This implies: ET 1= I (o)™t
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—6
Thus agl’o) = + 2f,a = —13 + 2.

A (@)
Outputs: fo(T) = T? — 14T + 47,
P(X,)Y)=Y?*+ (-13+2a)X +a.

5. Conclusion

In this paper we applied Number Theory techniques and provided sharp bounds
to greatly improve an algorithm of absolute factorization described in [15], [5].
This previous algorithm relied on the command bestapprox of the PARI system
which uses on a continued fraction representation of the number and detects
a size gap in the convergent, see [4]. Although this heuristic can give a good
guess in most cases, our new approach is more rigorous, safer and more efficient.
Indeed, we do not have to compute a continued fraction, we just have to take
the nearest integer of a real number.

The method esposed here is one of the key ingredients of a new algorithm and its
implementation described in [2], and [1]. With this symbolic-numeric implemen-
tation we can compute the exact absolute factorization of a bivariate polynomial
with total degree 200 having 10 absolute irreducible factors in approximatively
15 minutes. In this case, the step “approximate to exact factorization”takes only
15 secondes of these 15 minutes. In conclusion, the method presented in this pa-
per allows us to get in a quick and efficient way an exact absolute factorization
with symbolic-numeric tools.
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